Abstract. Using groupoid S 1 -central extensions, we present, for a compact simple Lie group G, an infinite dimensional model of S 1 -gerbe over the differential stack G/G whose Dixmier-Douady class corresponds to the canonical generator of the equivariant cohomology H
Introduction
Let G be a compact simple Lie group, the equivariant cohomology group H 3 G (G) contains a canonical generator of integer class, where G acts on itself by conjugation. We realize this class in terms of a Lie groupoid S 1 -central extension, or as the Dixmier-Douady class of an S 1 -gerbe over a differential stack. The stack is the one which corresponds to the transformation groupoid G × G ⇉ G. This example fits into the general theory developed in [2, 3] . Recall that associated to every Lie groupoid Γ ⇉ M , there are De Rham cohomology groups defined as follows. Define Γ p = Γ × M . . . × M Γ p times , i.e., Γ p is the manifold of composable sequences of p arrows in the groupoid Γ ⇉ M (Γ 1 = Γ, Γ 0 = M ). We have p + 1 canonical maps Γ p → Γ p−1 (each leaving out one of the p + 1 objects involved a sequence of composable arrows), giving rise to a diagram . . .
, the usual exterior derivative of differential forms and ∂ :
, the alternating sum of the pull back maps of the above diagram. We denote the total complex by C * DR (Γ • ) and the total differential by δ = (−1)
In the case that Γ ⇉ M is a transformation groupoid G × M ⇉ M , these are the G-equivariant cohomology groups. In [2] , we discussed the general question of how to realize a De Rham integer 3-cocycle in terms of an analogue of curvature on a Lie groupoid S 1 -central extension. When this 3-cocycle consists of only one term ω ∈ Ω 2 (Γ), the 3-cocycle condition is equivalent to that (Γ ⇉ M, ω) is a symplectic groupoid if ω is further assumed to be non-degenerate. S 1 -central extensions of a symplectic groupoid were studied extensively by Weinstein and one of us in [9] , to which we refer the readers for details.
When
2 )ω = 0. In this case, the class of ω + Ω defines an element in the G-equivariant cohomology group H 3 G (M ). When M = G is a compact simple Lie group and G acts on itself by conjugation, an explicit formula for both an ω ∈ Ω 2 (Γ) and an Ω ∈ Ω 3 (M ) appeared in [1] in the study of group valued momentum maps and the moduli spaces of flat connections over two surfaces. See also [8] and [5] for the related topics and motivation. However, the fact that ω + Ω is a 3-cocycle in C 3 DR (Γ • ) was overlooked in the literature. In this Note, we reinstate this fact, and show that [ω +Ω] is an integer class by constructing an S 1 -gerbe over the stack G/G (also called a G-equivariant gerbe over G) which has [ω + Ω] as its Dixmier-Douady class. Our method is to pass from the groupoid G × G ⇉ G to a Morita equivalent infinite dimensional symplectic groupoid, where an S 1 -central extension can be readily constructed by the methods of Poisson geometry. Applications of this construction to momentum map theory and twisted K-theory will be discussed elsewhere.
Symplectic groupoids of affine Poisson manifolds

General Construction
Let g be a (finite or infinite dimensional) Lie algebra over R, and λ ∈ ∧ 2 g * a Lie algebra 2-cocycle. Let g = g ⊕ R be the corresponding central extension. Assume that S 1 −→ G π −→ G is a central extension on the level of Lie groups, which exists if ω G ∈ Ω 2 (G), the left invariant closed two-form corresponding to λ, is of integer class. It is well-known that the transformation groupoid
stands for the dual of Ad g −1 ), is a symplectic groupoid. The symplectic structure on G × g * is the canonical cotangent symplectic structure when G × g * is being identified with T * G via the right translation.
Denote by χ : G −→ g * the group 1-cocycle integrating the Lie algebra 1-cocycle
where G acts on g * by the coadjoint action. We assume that χ exists, which is true, for instance, when G is simply connected. Since G is a central extension of G, its adjoint action on g descends to an action of G given by g·(X, t) = (Ad g X, t+ χ(g
, and therefore the induced coadjoint action is
Embed g * as a hyperplane of g * via the map φ : ξ −→ (ξ, 1), ∀ξ ∈ g * . Clearly g * is a Poisson submanifold of g * with the affine Poisson relation:
(1), this hyperplane is invariant under the coadjoint action of G, on which it takes the form:
Let Γ be the corresponding transformation groupoid G × g * ⇉ g * . One may also form the transformation groupoid R : G × g * ⇉ g * (here the G-action on g * is essentially the same action (2) composing with the group morphism π : G → G). Then R ⇉ g * is a subgroupoid of the symplectic groupoid Γ ⇉ g * under the natural embedding i : ( g, ξ) → ( g, φ(ξ)). By θ Γ and ω Γ , we denote the Liouville one-form and symplectic two-form on Γ ( ∼ = T * G) respectively, and set ω R = i * ω Γ ∈ Ω 2 (R) and θ R = i * θ Γ ∈ Ω 1 (R). By π : R → Γ, we denote the natural projection: π( g, ξ) = (π( g), ξ), 4. θ R is a prequantization connection form on the S 1 -bundle π : R → Γ compatible with the groupoid structure, i.e., ∂θ R = 0 and dθ R = π * ω Γ . In other words, θ R ∈ C 2 DR (R • ) is a pseudo-connection on R in the sense of [2] with ω Γ ∈ Z 3 DR (Γ • ) being its pseudo-curvature. Since Γ ⇉ g * is a transformation groupoid, its De Rham cohomology is the equivariant cohomology H * G (g * ), where G acts on g * by the gauge action (2) . The Lie groupoid S 1 -central extension R → Γ can be considered as a geometrical model realizing the class
Indeed, if R and X are the differential stacks corresponding to the Lie groupoids R ⇉ g * and Γ ⇉ g * , respectively, then R is an S 1 -gerbe over X whose Dixmier-Douady class is equal to [ω Γ ] ∈ H 3 DR (X) [2, 3] . Remark 1. -Note that R → Γ is indeed the pull back S 1 -central extension of G π −→ G via the groupoid morphism ψ from Γ(= G × g * ) ⇉ g * to G ⇉ · defined by the natural projection. As a consequence, ω Γ and ψ * ω G define the same class in H 3 G (g * ): the Dixmier-Douady class of the S 1 -gerbe R → X. It would be interesting to investigate whether this class is non-trivial when λ ∈ ∧ 2 g * is assumed to be a non-trivial 2-cocycle (otherwise it is obvious that ψ * ω is a trivial class). In the case of loop groups below, one indeed obtains a non-trivial class.
Loop Group Case
We will apply the above construction to the case of loop groups. Let (·, ·) be an ad-invariant non-degenerate symmetric bilinear form on g. It is well-known that (·, ·) induces a Lie algebra 2-cocycle on the loop Lie algebra λ ∈ ∧ 2 (Lg * ) defined by [7] :
By Lg we denote its corresponding Lie algebra central extension. Assume that λ satisfies the integrability condition (i.e., the corresponding closed two-form ω LG ∈ Ω 2 (LG)
LG is of integer class). It defines a loop group central extension
LG. By identifying Lg * with Lg via the bilinear form (·, ·), the 1-cocycle χ admits the form: χ(g(s)) = g ′ (s)g(s) −1 , ∀g(s) ∈ LG, and the gauge action (2) becomes
This is the standard gauge transformation when Lg is identified with the space of connections on the trivial bundle over the unit circle S 1 . As above, we can form the transformation groupoids Γ : LG × Lg ⇉ Lg and R : LG × Lg ⇉ Lg, and define ω R ∈ Ω 2 (R) and θ R ∈ Ω 1 (R).
We have a Morita morphism f of Lie groupoids from
LG × Lg ⇉ Lg to G × G ⇉ G, which is given by f (g, r) = (g(0), Hol(r)) on the space of morphisms and by f (r) = Hol(r) on the space of objects, ∀g ∈ LG, r ∈ Lg.
Under the induced isomorphism
LG ( ′ ⇉ M ′ to Γ ⇉ M , then these two groupoids are also Morita equivalent in the sense of [10] , which means that there is a bimodule. Indeed, these two notions of Morita equivalence are equivalent [3] . Morita equivalence via bimodules is particularly useful in constructing S 1 -central extensions. It allows one to construct the S 1 -central extension of one groupoid in terms of an S 1 -central extension of the other together with a prequantization of the bimodule. See [3] for the details. This, for instance, will lead to a construction of an S 1 -central extension of the Morita equivalent Lie groupoid Γ ′ ⇉ M ′ when M ′ = ∪U i is an open covering as in [4, 6] . We end the paper with the following proposition which explicitly describes the equivalence bimodule between the groupoids G × G ⇉ G and LG × Lg ⇉ Lg. [10] , where the bimodule X can be taken as G × Lg, and ρ : X −→ G and σ : X −→ Lg are given, respectively by ρ(g, r) = gHol(r)g −1 and σ(g, r) = r, ∀(g, r) ∈ G × Lg. The groupoid G × G ⇉ G acts on X from the left by: (g 1 , g 2 ) · (g, r) = (g 1 g, r), ∀(g 1 , g 2 ) ∈ G × G, (g, r) ∈ G × Lg, such that g 2 = gHol(r)g −1 ; while LG × Lg ⇉ Lg acts from right: (g, r) · (g(s), r ′ ) = (gg(0), r ′ ), ∀(g, r) ∈ G × Lg, (g(s), r ′ ) ∈ LG × Lg, such that r = g(s) · r ′ .
